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Abstract

In this paper, we investigate the monotonicity and convexity of the function x
Ka(/x)/log(1+c/+/1 —x) on (0, 1) for (a, c¢) € (0, 1/2] x (0, 00), and the log-concavity
of the function x — (1 — x)*K, (/x) on (0, 1) for A € R, where K,(r) is the generalized
elliptic integral of the first kind. These results are the generalization of [1, Theorem 2] and
[2, Theorems 1.7 and 1.8], also give an affirmative answer of [3, Problem 3.1].

Keywords Gaussian hypergeometric function - Generalized elliptic integrals -
Monotonicity - Log-concavity

Mathematics Subject Classification 33E05 - 26E60

1 Introduction

Throughout this paper, we denote N = {1, 2, 3,---} and Ny = N U {0}. For real numbers
a, b and ¢ with —¢ ¢ Ny, the Gaussian hypergeometric function is defined by

o0

b n

F(a,b;c;x)=7F|(a,b;c;,x) = Z%x—' for |x| < 1,
= (©n n!

where (a)p = 1 for a # 0 and (a), is the shifted factorial function or Pochhammer symbol
given by

I'(a +n)

(@p=a@+D@+2)---(a+n—1) = o

forn € N. Here I'(x) = fooo t*le7dt (x > 0) is the Euler gamma function.
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The hypergeometric function F (a, b; ¢; x) has a simple derivative formula
, ab
F(a,b,c;x)=—F(@a+1,b+1;c+ 1;x). (1.1)
c

The behavior of the hypergeometric function near x = 1 in the three cases a + b < c,
a+b=canda+ b > c (see [4, Theorems 1.19 and 1.48)), is given by

Fla,byc; 1) = [Eit=n), atb<c,
B(a,b)F(a, b; c; x) +log(l —x) = R(a,b) + O((1 —x)log(l —x)), a+b=c, (1.2)
F(a,b;c;x)=(1 —x)"'*”*bF(c —a,c—b;c;x), a+b>c,

where B(z,w) = [['(@)'(w)]/T(z + w) N(z) > 0,N(w) > 0) is the classical beta
function,

R(a,b) = =2y —y(a) = ¥ (b) (1.3)

is the Ramanujan constant, ¥ (z) = I''(z)/T'(z) (R(z) > 0) and y is the Euler-Mascheroni
constant.

Forr € (0,1) and a € (0, 1), the generalized elliptic integrals of first and second kinds
(see [5]) are defined by

T 2
ICQEICa(r)ZEF(a,l—a;l;r), (1.4)
5a55(,(r):%F(a—1,1—a;1;r2). (1.5)

Clearly, K£,(0) = &£,(0) = 7/2, &(17) = sin(wa)/[2(1 — a)] and K,(17) = oo. In
particular, Ky 2(r) = K(r) is the complete elliptic integral of the first kind. By symmetry of
(1.4), we assume that a € (0, 1/2] in the sequel. In our parameter’s setting, we denote by

R(@) =R, 1—a)=—2y —y@) — ¥l —a), R(1/2)=4log2, (1.6)

where R(a, b) is defined in (1.3).

It is well known that the generalized elliptic integral of the first kind plays an important
role in different branches of modern mathematics such as classical real and complex anal-
ysis, quasiconformal mappings, number theory, such as the modulus of the plane Grétzsch
ring [6-8] and Ramanujan’s modular equation [9—17]. In particular, many remarkable results
involving complete elliptic integral of the first kind can be found in [18-20] and its general-
ization (see [21-26]). For more informations and related recently published articles, we refer
to the literature [27-37] and references therein.

As we know, the asymptotic formula for the zero-balanced case a + b = ¢ in (1.2) is due
to Ramanujan (see [38]). In the case of a = b = 1/2, the Ramanujan asymptotic formula
reduces to

4
K(r) ~ log — (1.7)
r
as r — 1, where and in what follows r’ = /1 — r2.

In order to refine the asymptotic formula (1.7), Anderson, Vamanamurthy and Vuorinen
[39] in 1992 conjectured and later Qiu et al. [40] proved that

4
K(r) < log (1 + 7) - (1og5 - %) (1-r) (1.8)

holds for all » € (0, 1).
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Recently, motivated by (1.8), Yang and Tian [1] investigated the monotonicity of the
function x > K(y/x)/log(1 +4/+/1 —x) on (0, 1) and it is extended to the generalized
elliptic integral of the first kind by Zhao et al. [3], where the authors proved that the function

Ko (r)
re> —
log[1 + 2/(ar")]
is strictly increasing on (0, 1) if and only if 0.3199--- < a < 1/2, and strictly decreasing

on (0,1)if 0 < a < 0.1899- - -. And they also pose two problems in the end of [3], one of
which is stated as follows.

Problem 1.1 Determine the best possible function c(a) fora € (0, 1/2] such that the function
Ka(r)
H e —
log[1 + c(a)/r']
is strictly increasing or decreasing on (0, 1).
The first aim of this paper is to give an answer to Problem 1.1.
Theorem 1.2 Leta € (0, 1/2], ¢ € (0, 00) and define the function F(x) on (0, 1) by
Ka (V)

log(1 +c/+/1— x)

F(x)=F(x,a,c) =

Then we have the following conclusion:
(1) F(x) is strictly increasing from (0, 1) onto (n/[2 log(1 + ¢)], sin(cm)) if and only if

€ > maxqe(0,1/21{c*(a), eR(“)/z}, where c*(a) is the unique root of o(c) = 1/[a(1 — a)]
for c € (0, 00) and o(c) is defined as in Lemma 2.6. In particular, the double inequality

T ¢ . c
Tioa( o ¢ (1 + ;) < Ka(r) < sin(am) log (1 + ;) (1.9)

holds for all r € (0, 1).

(2) If0 < ¢ < maxge(o,1/21{cx(a), c1(a)}, then F(x) is strictly decreasing from (0, 1) onto
( sin(am), w/[2log(1 +c)]), where c,(a) is the unique root of o(c) = R(a) forc € (0, 00)
and c1(a) is given as in Lemma 2.5. In this case, the reverse inequality of (1.9) holds for
allr € (0, 1).

In the same paper as before, Yang and Tian [1] conjectured the function

x = (1 = x)PK(/x) (1.10)
is log-concave on (0, 1) if and only if p > 7/32, and the function
K(/x)

1.11
A log(l +4/4/1 —x) ( )

is convex on (0, 1). Very recently, these two conjectures had been proved by Wang et al. [2].
The remaining goal in this paper is to generalize the results of two functions in (1.10), (1.11)
to the case of the generalized elliptic integral of the first kind. We will prove the following
theorems.

Theorem 1.3 Let a € (0, 1/2] and define G(x) on (0, 1) by
G(x)=Gx,a,r) = (1 —x)"Ka (/).

Then G (x) is log-concave on (0, 1) if and only if > > A(a) := [a(1 —a)(a®> —a +2)]/2 and
log-convex on (0, 1) if and only if & < 0.
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Theorem 1.4 Let a € (0, 1/2], ¢ € (0, 00) and F(x) be defined as in Theorem 1.2. Then
F(x) is convex on (0, 1) if ¢ > max,e(0,1/2] {c*(a), eR(”)/z}, where c*(a) is defined as in
Theorem 1.2.

2 Lemmas

In order to prove our main results, we need to introduce some basic knowledges and establish
several lemmas which we present in this section.

Let us recall the differentiation formulae for the generalized complete elliptic integrals,
which can be found in [5, Theorem 4.1]

dKa 20— a)(Ea—r?Ka)  d€a  2(a—1)(Ka — Ea)

dr rr’? ’ dr r ’
d 2(1 —a)ré, d ”
E(’Ca_ga)=T, Z(E'a—r ICa)=2arlCa.

It is worth noting that the L’Ho6pital Monotone Rule has been widely applied, see [41—43]. In
this paper, we also need another useful monotone rule to deal with the ratio of power series.
Before stating this monotone rule, we need to introduce a useful auxiliary function Hy 4; see
[44] for more properties. For —oo < a < b < oo, let f and g be differentiable on (a, b) and
g’ # 0on (a, b). Then the function Hy , is defined by

_ I
Hf’g = ?g — f

In particular, if f and g are twice differentiable on (0, 1), then we have

AN g

Y8 (Le_r)=%n 2.1
(g) g2<g’g f) g2 e @b
H), = (g) 2. 2.2)

Lemma 2.1 ( [45]) Suppose that the power series f(x) = Z;’;O apx" and g(x) =
>0 0 bnx" have the radius of convergence r > 0 with by, > 0 for all n € Ny. Then
the following statements hold true:

(1) If the non-constant sequence {a, /by},2, is increasing (decreasing) for all n > 0, then
f(x)/g(x) is strictly increasing (decreasing) on (0, r);

(2) Iffor certainm € N the sequence {ay /by }o<k<m and {ai /bk}i>m both are non-constant,
and they are increasing (decreasing) and decreasing (increasing), respectively. Then
f(x)/g(x) is strictly increasing (decreasing) on (0, r) ifand only if Hy o (r™) = (2)0. If
Hy o(r7) < (>)0, then there exists xo € (0, r) such that f(x)/g(x) is strictly increasing
(decreasing) on (0, xo) and strictly decreasing (increasing) on (xg, r).

Remark 2.1 The first part of Lemma 2.1 is first established by Biernacki and Krzyz [46],
while the second part comes from Yang et al. [47, Theorem 2.1]. But we cite the latest
version of the second part [45, Lemma 2], where the authors have corrected the previous bug
[47, Theorem 2.1].

Lemma 2.2 (1) The function r +— (Eq — r'*Ka)/(r2KC,) is strictly decreasing from (0, 1)
onto (0, a).
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(2) The function r — (€, — r’ 2K, /r2 has positive Maclaurin coefficients and maps (0, 1)
onto (wra/2,sin(ra)/[2(1 — a)]).

Proof Parts (1) and (2) can be found in the literature [4, Theorem 4.22 (viii) and (ix)]. 0O

Itis still not easy to study the monotonicity of the ratio of functions related to the square of
power series even by using Lemma 2.1. The following proposition is the key tool to deal with
the square of power series. We will give the following recurrence formula for the Maclaurin
coefficients of F(a, b; c; x)2, although we only use a special case in this paper.

Proposition 2.3 Let a, b, ¢ € R with {—c, —2c¢} N Ny = @, and define
F=F(a,b,c;x), F-=F(a—1,b;c;x)

on (0,1). Suppose that F? = ZZOZO uyx" is the Maclaurin series of F2, where u, =
uy(a, b, c) depends on a, b, c. Then the coefficients u,, satisfy the following recurrence rela-
tion

Up4+1 = OylUy — /3,,14,171 (23)

forn € Nwithuyg = 1 and uy = 2ab/c, where

2 +43@+b+c—Dn*+[(2a— 1DQ2b—1) + (a+b)(4c — 1) — c]n + 2ab(2c — 1)
a n+Dn+c)mn+2c—1) ’
_ n+2a—1)n+2b—D(n+a+b-1)
Pn = n+Dmn+c)n+2c—1) ’

n

Proof Let FF_ = > v,x" and F2 = 32 w,x", where v, = v,(a,b,c) and w, =
wy (a, b, ¢) are the Maclaurin coefficients of F'F_ and F2, respectively. It is clear that up =
vg = wo = 1.

By [6, Theorem 3.12] (see also [15, p.86]), we have the following derivative formulas

dF _ (c—a)F_+(a—c+b0)F dF_ _ (a—1)(F - F.)

dx d —= 2.4
dx x(1 = x) e p 24)
By differentiation and (2.4),
d(Fz)_2(c—a)FF7+2(a_C+bx)F2_ ) .
dx x(1 —x) = ;””nx : (2.5)

o0

d(FF.) (c—a)F24+[1—c+@+b—DxIFF-+ (a—1)(1 —x)F? -
= =) "', (2.6)
n=1

dx x(1 —x)
d(F%)  2@a-1 > .
T = f(FF* —F%) = ’;nwnx L 2.7

Multiplying two sides of (2.5), (2.6) by x(1 — x) and two sides of (2.7) by x, we obtain

oo o0
2(c — a) Z vux™" 4+ 2(a — ¢ + bx) Z Upx"

n=0 n=0
o0 o0 o0
=2(c—a) Z x4 2(a — ¢) Z upx" + 2b Z upx" (2.8)
n=1 n=1 n=0
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o0 o0
:Z 2(c — a)vy, +2(a — )uy, + 2bu,_ 1 nu,, (n— Duy,— 1] x",

n=1 n=1

(c—a)Zw,,x"+[l—c+(a+b—l)x]2v,,x"+(a—1)(1—x)2unx"

n=0 n=0 n=0

Mg

[(c —a)w,+ (1 =)vy +(@a+b—Dvg1+ (@ — Dy — up—1)] x"

n=1
= [nvn — (n = Dy ] 5" 2.9)
n=1
and
2@ -1 [y —wlx" =) nw,x". (2.10)

n=1

Comparing the coefficients of x” in (2.8), (2.9) and (2.10) leads to

2(c —a)v, +2(a — Auy + 2buy,—y = nu, — (n — Duy—yq, (2.11)

(c—aw, + (1 -y, +(@+b—1Dv,—1 +(a@a— Dy, —up—1) =nv, — (n — Dvy_q,
(2.12)

2(a — 1)(v, — wy) = nwy,. (2.13)

By solving w,, from (2.13) and substituting into (2.12), we obtain

|:2(a —D(c—a)

2@ +1—c—n]vn+(a+b+n—2)vn—1 = —-a)(uy, —up—1),

or equivalently,

[Z(a —1(c—a)

W 2a 1 —c—n]vn+1+(a+b+n—1)vn=(1—a)(un+1—un).

By (2.11), substituting the expressions of v, and v,y into the above gives the recurrence
relation of (2.3). O

We now state the following lemma as a special case of Proposition 2.3. In the rest of this
article, we remind that the notations of u,, , and B, are always expressed as in Lemma 2.4
if no risk for confusion.

Lemma 24 Fora € (0,1/2], suppose that [F(a,1 — a; 2; x)]2 has the Maclaurin series
expansion ZZOZO upx™, where u,, = u,(a, 1 — a,?2) is defined in Proposition 2.3. Then the
coefficients u, > 0 for n € No with ug = 1 and uy = a(l — a), and satisfy the following
recurrence relation

Upt1 = ity — Bouty—1 forn €N, (2.14)
where

2[n® + 3n% +2(1 + a — a®)n + 3a(l — a)] _nln? — (1 —2a)?]
(n+ 1) +2)(n +3) C T+ D+ ) +3)°

o, =
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Proof From Proposition 2.3, it remains to show u, > 0 for n > Ny. Applying the Cauchy
product of series,

o0 2 o0
(@n(1 —a), n n
[F(a,l—a;Z;x)]2:|:r§(n!)2xi| :nX:(:)unx R
where
e @ = a) (@ (1 — @)y
D B (A 70
k=0
fora € (0, 1/2]. O

Lemma2.5 Leta € (0, 1/2], ¢ € (0, 00) and define the sequence Qy(a, ¢) forn € N by

Q, = Qula,c)= —c*nd + [3 +2a — 2(12)62 — 6] n? + [9a(l —a)— 2+ 3a— 3a2)c2] n
+2a(1 —a)(1 —a+a*) +2a(1 —a)(1 +a — a*)c?.

Then we have the following conclusions:

(1) 9Qu(a,c) <O0forn>3and(a,c) e (0,1/2] x (0, co0).

(2) If (a,c) € (0,1/2] x (0, c1(a)], then Qi(a,c) < 0 and Qz(a,c) < O; if (a,c) €
(0, 1/2] x [ca(a), 00), then Qi(a,c) > 0. In particular, 1 < c1(a) < c2(a) fora €
(0, 1/2] with the equality only for a = 1/2, where

1.

6 — lla + 13a2 — 4a3 + 2a*
ci(a) = , c2(a) =

a(l —a)(1 + 2a — 242) all—a)

Proof (1) Let

AQ, = Quiy — Qp = —3c2n* + [(3 +4a — 4a*)P — 12} n—a(l —a)* — 32 — 3a + 3a?),
A2Q, = AQuy1 — AQ, = —6¢2n + da(l — a)c® — 12.
For (a, c) € (0,1/2] x (0, 00) and n > 1, it can be easily seen that
A%Q, < —6¢* +4a(l —a)c? — 12 = — [(6 — 4a + 4a*)c* + 12] < 0.
In other words, AQ,, is strictly decreasing for n > 1. This gives

7(1 = 2a)? + 17
¢c2]<0

AQnEAsz—[3O—9a+9a2+ 2

and so Q,, is strictly decreasing for n > 2. Similarly, we obtain

(1 = 2a)%(57 — 4a + 4a?) + 375
8

Qu(a,c) < ng—[ +GB-a)2+a _2a+2a2)c2] <0

for n > 3. This completes the proof of (1).
(2) If (a, c) € (0,1/2] x (0, c1(a)], then we can directly verify that

Qi(a,c)=—-6+1la — 13a% + 4a® — 2a* + a(l —a)(1 +2a — 2(12)c2 < Qi(a,c1(a) =0
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and

Os(a,c) = =24 +20a — 22a% + 4a> — 2a* + 2a(1 — a®)(2 — a)c?
12a(1 — a)(5 — 2a + 24%)
< = —
< Q(a, c1(a) 1520 — 222 <

If (a, c) € (0,1/2] x [ca(a), 00), then we have

Oi(a,c) = —6+ 11a — 13a*> + 4a® — 2a* + a(1 — a)(1 + 2a — 2a%)c?
(1 =2a)%(1 — 2a + 2a?)
>
a(l —a)

> Qi(a, c2(a)) = 0.

Finally, inequalities c2(a) > ci(a) > 1 fora € (0, 1/2] follows easily from

1 — 2a)%(1 — 2a + 24>
( a)-( a + a)>0’ Ry —1=

6(1 — 2a + 24?)
> 0
a’(1 —a)2(1 +2a — 2a?)

208 20N
c2(@ —ci(@) = a0 —a)y(l+2a—2a5

Lemma 2.6 Fora € (0,1/2] and c € (0, 00), the function
_ R(a) —log(1 —x)
- log(1 +c/+/1 —x)

is strictly decreasing on (0, 1) ifand only if o(¢) < R(a), where o(c) = 2(1+1/c)log(1+c).
In particular, if 0 < ¢ < 1, then o(c) < R(a) fora € (0, 1/2].

x = nx)=n(x,a,c)

Proof Differentiation yields

/ 7(x)

n(x) = 3 (2.15)
2(1 = x)(c 4+ /T =x) [log(1 4 ¢/~/T=x)]

where

c
n(x) =2 1—x)1 14— | — — log(1 — .
(x) = 2(c+V1T-x) og( + m) c[R(@) — log(1 - x)]

Let o(c) = 2(1 + 1/c)log(1 + ¢). It is clear that 7(0) = ¢ [o(c) — R(a)]. Moreover,

log(1 +c/+/1 —x)
— <
V1 —x

for x € (0, 1) and 7(x) is strictly decreasing on (0, 1). By (2.15), n(x) is strictly decreasing
on (0, 1) if and only if 7(0) < 0, namely, o(c) < R(a).

In particular, it can be easily verified that the function

2(1 4+ ¢)log(l +¢)
c

C

0(x) = 0

is strictly increasing on (0, oo) by L'Hopital Monotone Rule. This together with (1.6) gives
o(c) <po(1) =4log2 =R(1/2) < R(a) for0<c <1,
since R(a) is strictly decreasing on (0, 1/2] (see [48, Theorem 1(1)] and also [50,

Lemma 2.1)). O
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Lemma 2.7 Fora € (0, 1/2], the function

2x(1 = 0K (vx) = (1 = a)(1 = 2x) [E.(VX) = (1 = 0)Ka(VX)]
x[(1 = @)&(Vx) +a(l = )Ka(VX))]

is strictly decreasing from (0, 1) onto (1, a®> — a + 2).

glx) =

Proof Let
g1(x) = 2x(1 = )Ka(Vx) — (1 —a)(1 = 2x) [Ea(Vx) — (1 — x)Ka(VX)]
g =x[(1 =)&) +a(l —x)Ka(Vx))].

By (1.4) and (1.5), we can rewrite g(x), in terms of power series, as

) Ylpanx”

glx) = = ;
g(x) Y lybax"
where
_ 2 _ (@)p—1(1 —a)p—
ay=a"—a+2, a,= —an (n=1),
(@n—1(1 —a),—
by=1, by=—"—""7——/—¥¥¥¥¥ > 1
0 n o+ 1) qn (n>1)
and

pn = (a®> —a+2n*+ (54> —5a+2)n —a(l —a)2 — a + a?),
gn = (n+ D@ —a+ Hn —a(l —a)].
Fora € (0,1/2] and n > 1, it can be easily verified that
Pn > [(a2—a+2)+(5a2—5a+2)]n—a(1 —a)(2—a+a2)
33 + (1 —2a)>(31 — 4a + 4a?) N

>22—-3a+3d>) —a(l —a)2—a+d*) = T 0
and
gn>m+ D@ —a+1) —al —a)] = (n+ 1)1 —2a+24>) > 0.
Since ay, /by, = pn/qn and p,, g, > 0 for n > 1, it follows that
Ap41 a
sgn( e —”) = SEN(Put1Gn — Pndnt1)- (2.16)
bn+l bn
Moreover,
Pn+19n — Pnqn+1
a(l —a)
34 (1 —2a)%(13 — 4a + 4a*
— @ —3a+3am? 4 2129 (8 a4 — )@ —3a + 3ad)
34 (1 —2a)%(13 — 4a + 4a*
> 2 —3a+3q% + 2120 (8 AFAT) 1)@ =30+ 3d?)
21 + (1 — 2a)%(43 — 20a + 20a?) 0
= > U.

16

This in conjunction with (2.16) implies a,, /b, is strictly increasing for n € N.
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Since b, < 0 for n € N, it follows from (2.1) that

sgn(g1/82)" = sgn(gy) - sgn(Hg, g,) = —sgn(Hy, g,). 2.17)

According to this with (2.2) and gx(x) > O, it suffices to show the monotonicity of
g1(x)/g5(x).
Making use of power series,

g1(0) _ Yol napxt 3R apxt

&) YT nbuxh Y bxt

where a, = —(n + ay4+1 and b, = —(n + 1)b,+;. Since a,,, b, > 0 and a,/b], =

@n+1/byny1, Lemma 2.1(1) and the monotonicity of {a,/b,};2 ; lead to the conclusion that
g/1 (x)/gé(x) is strictly increasing on (0, 1) and so is Hg, o, (x). This gives

a a(l —a)(Ba® —3a +2)
Heo () > Hoo 01 = Flbo IR Yo Ve P | S 0

Combining this with (2.17) implies the monotonicity of g(x). Two limiting values are clear.
O

Lemma 2.8 Fora € (0, 1/2], the function

ar’r?K2 — (1 — a) (€, — r?Ka)? — (' = r)Ka(Ea — 1K)
réKc2

() =

is strictly decreasing from (0, 1) onto (0, a(a®> — a + 2)/2).

Proof Let ¢1(r) = ar’r?K2 — (1 — a)(&, — r"*Ka)? — (" — rHKe(Eq — r*K,) and
@2(r) = r*K2. Then we clearly see that p(r) = ¢1(r)/¢2(r) and ¢1(0) = ¢2(0) = 0.

Differentiation leads to
£ — /ZIC 2
01(r) = 4K (Ea = r*Ka) —2(1 —a)(r — rz)w
rr
2(&, — 2K,
- %[”2”2’% — A= a)? = ) - K],

201 —a) (& — r*Ky)  4riK,

goé(r) = 4r3IC§ + 2r3ICa 7 =7

[(1 —a)é, + ar/lea].
By simplifying, we obtain

o) _ & —1"K

a . 2
wé(r)_ 27K, g(ro), (2.18)

where g(x) is defined in Lemma 2.7.

Lemmas2.2(1),2.7 and (2.18) lead to the conclusion that <pi r)/ (pé (r) is strictly decreasing
on (0, 1), and so is ¢(r) by I’Hopital Monotone Rule (see [4, Theorem 1.25]). It is clear that
¢(17) = 0. By L’Hopital’s Rule, it follows from Lemma 2.2(1) and 2.7 that

/ 2 )
g0(0-‘1-) = lim (p/l(r) _ a(a a+ )
r—0t (,02(}”) 2
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Lemma 2.9 Leta € (0, 1/2] and define the function ®(r) on (0, 1) by

(1 —a)(Ea—1?Ka) 2

O(r)=d A) = —.
(r)=@(r,a,2) 207K, o

Then & is strictly decreasing if and only if A > [a(l — a)(a®* — a + 2)]/2 and strictly
increasing if and only if » < 0. If 0 < A < [a(1 — a)(a® — a + 2)1/2, then ® is piecewise
monotone on (0, 1).

Proof Differentiating ®(r) yields

2ar3r? K2 — (€4 — r?Ko)[2rr? Ko — 2r3 Ky +2(1 — a)r (Eq — 1K) 2Ar

‘b/(r) =1-a) r4r/4]C(2’ rr4
200 —ayr [ar’ K2 — (1 —a) (€ — r?Ka)* — (' = r)Ka(Ea — r'*Ka) s
- r4 r4ICL% l—al’
This together with Lemma 2.8 completes the proof of Lemma 2.9. O

Lemma 2.10 Let a € (0, 1/2] and define h(x) on (0, 1) by
Ea(VxX) = (1 = 0K (Vx) = (1 = x) [(1 + 2a — D)Ko (V) — Ea(VX)]
[£.(J3) — (1 = )Ka(VD)]

Then the following statements are true:

h(x) =

(1) h(x) is strictly increasing on (0, 1) if and only if a = 1/2;
(2) Ifa € (0, 1/2), then there exists a number x1 € (0, 1) such that h(x) is strictly decreasing
on (0, x1) and strictly increasing on (x1, 1).

Moreover, h(0T) = 2(1—a+a2)/(na) andh(17) = 2(1—a)/ sin(wa) withh(0T) < h(17).

Proof Let/1(x) = E(v/X)—(1=x)Ka(VX)=(1=x) [(1 + 2a — DX)Ka(v/xX) = Ea(VX)]

and hy () = [£, (/%) — (1 = DK (VO]
By (1.4) and (1.5), one has

o 2 2
T (@),(1 —a),(2 —2a + 2a~ + 3n) b4
hi(x) = Eaxz § d :z!(n T X", ha(x) = Tazxz [F(a,1—a;2;x)]*.
n=0

Applying Lemma 2.4, we rewrite i (x) as

Chix) 2 3R upx”
T ha(x) ma Yoo unx™’
where u,, is defined as Lemma 2.4 and

(@1 —a),(2 —2a +2a* 4 3n)

h(x)

n

nl(n +2)!
Since v, > 0 and u,, > 0, it can be easily seen that
san <@ _ ”L) — —sgn (un_,_] _ Unl u,,) . (2.19)
Up+1 Un Un
By (2.14), we denote by
Un+1 ~
dy, = Upy1 — nt Up = Aty — Bplp—1, (2.20)

n
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where

~ Un+1 kn(a)
oy = oy — =
Uy n+1Dn+2)(n+3)Bn+2a%2 —2a+2)
and «,(a) = 3n* + 2((12 —a+ 4)n3 +3(14+a-— a2)n2 — (6a4 —124% + 174% — 11a +
Dn +2a(l —a)(1 — 2a)?.
Due to

1203 + 6> —a+ 7> +42n+6[2+a(l —a)2 —a+d)]
>1246(a®>—a+7)+42+62+a(l —a)2 —a+a>)]
=108 +6a(l —a)(1 —a+a*) >0

Kn+1(a) — kn(a)

fora € (0, 1/2] and n > N, it follows that
ikn(a) > ki(@) =2[6 +7a(l —a)(1 +a —a*)] > 0

forn € Nand so@, > 0forn € N.
For a € (0, 1/2], we now prove d, < 0 for n € N by mathematical induction.
By (2.20) and Lemma 2.4, we can verify
a(l —a)(1 —a+a*)(4 —Ta +7a%

d = 0.
! 125 — 2a + 2a2) =

Assume that d,, < O forn > 1, thatis
Up < @un—ls (2.21)
273

then it follows from (2.14) and (2.20) together with @, > 0, 8, > 0 and u,, > O that

dpy1 = &n+1un+l — Buyiuy = &n+l(anun — Buttn—1) — But1un
= (&n+lan = Bur1D)un — &nJrI,Bnunfl <0,

if @&y410n — Bnt1 < 0. Otherwise, if &,410;, — Bu+1 > 0, combining this with (2.21), we
obtain

~ Bn A Bn [ . Un+1
dpy1 < (@n+1n — Bpt1) T Un—1 — Au1 Buttn—1 = — | @1 —— — Bu+1 | un—1 <0,
Qp Qp Un

since

Unl o a(l —a)i,(a)
Un Fut1 = (n+1D)(n+2)(n+3)2(n +3)(3n +2 — 2a + 24?)

&n+l
and
~ 3 27,2 1 2 2
Rn(@) = 6n3 + (20 — 17a + 17a*)n> + g[lOS (1= 2a)%(103 — 124 + 124 )]n
+2(6 — 19a + 264> — 14a> + 7a*)
1
> %1(a) = 1[153 + (1 - 2a)2(103 — 20a + 20a2)] 0.

By mathematical induction, we show that d, < 0 for n € N and so the sequence {v, /u,} is
strictly increasing for n € N by (2.19) and (2.20).
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On the other hand, by Lemma 2.4, it is easy to obtain

vi v (1-2a) -0 2.22)

up  ug 6

with the equal only fora = 1/2.

(1) If a = 1/2, then it follows from (2.22) that {v, /u,} is strictly increasing for n € Ny.
This together with Lemma 2.1(1) shows 4 (x) is strictly increasing on (0, 1). Conversely,
the monotonicity of z(x) requires us to satisfy

h/(0+): lim i M /:ivluo_voul __(1—0)(1—261)2 > ()
x—0+ wa \ Y0l upx”" ma ul 37 -

)

thatisa = 1/2.
(2) If a € (0, 1/2), then it follows from (2.22) that {v,/u,} is strictly decreasing for 0 <
n < 1 and {v,/u,} is strictly increasing for n > 1. Moreover, by Lemma 2.2(1),

L [BaKa (VA = (420 = 27) [Ea(VE) — (1 = DKa(/T)]
el )_xlir?: 20K, () [Ea (/) — (1= 0)Ka (V)] 10 =i
sin(wa)
= >
41 —a)

This in conjunction with Lemma 2.1(2) shows that there exists a number x; € (0, 1) such
that i (x) is strictly decreasing on (0, x1) and strictly increasing on (x, 1).
It is clear for #(0) and h(17). Moreover, by [49, 4.3.68],

Ta Ta 1—a+a? 72a?  TIxtat 1 —a+d?
m[h(r)_h(()i)}:sin(na)_ —a T TE0 T T1-a
. a*[1+ (1 = 2a)(23 — 18a + 36a%)] _
40(1 — a)
m]

Lemma 2.11 Leta € (0, 1/2], ¢ € (0, 0o) and define ¢ (r) on (0, 1) by

/ N2 B .
¢r)=¢(r,a,c0) = exriloedter e ]/C“/ 20 —a) (& —r /Ca)].

r

is strictly increasing and positive on (0, 1) if ¢ > max,e(0,1/2){c*(a), eRDI2Y ywhere ¢*(a)
is defined as in Theorem 1.2.

Proof Differentiation yields

d[(c+r")log(l 4+ ¢/r")] _r

[c —r'log(1 + c/r’)],

dr 2
d ik, ¢ [ZVICa +r2. %‘Z;ﬂm} Es — 1K) — r2K, - 2arK,
dr [2<1 —a)(& —r’leu)] T2l-a (Ea — 121C, )2
_ ¢ r[QU=-a) +2ar*Ky)(E — r?Ka) — 2ar’r?K2]
T 2(1—a) F2(Eq — 12K ,)2
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and thereby

¢ (r)
cr [ — )&q + 2ar*Ko)(Eq — r?Ka) — 2ar?r? K2 ]
2(1 — a)yr' (&g — "2 K,)?
cr’iky,
2(1 —a)(&a — V/ZICa):|
Kal€a —1*Ka — 7 (¢ + 2arP)Kq — &4) ]
2(1 —a)

= %[c —r'log(1 +¢/r)| -

+ % |:(c + ) log(1 +¢/r') —
_ cr
- r/(ga - r/Z]Ca)2

oK 1 h(r?)
T LFe) 200-a) ]

{(Su —r?KCa)* log(1 +¢/r') —

(2.23)

where F'(x) and h(x) are defined as in Theorem 1.2 and Lemma 2.10, respectively.
If ¢ > maxqe(0,1/2) {¢* (@), eX@/2}, then by Theorem 1.2(1) and Lemma 2.10 we obtain

1 h(r?) 1

1 R
Feh 20— FUO) 20 —a O, A00r=0

This together with (2.23) gives the monotonicity of ¢ (r). Moreover, by Lemma 2.2(1),

+y = -
¢0") =1 4c¢)log(1+c¢) 2 —a)

since it has been shown that p*(c; a) > 0 for ¢ > ¢*(a) in the proof of Theorem 1.2. This
completes the proof. O

= %p*(c; a) >0,

3 Proofs of Theorems 1.2, 1.3 and 1.4

Proof of Theorems 1.2 Let us denote fi(x) = F(a,1 — a;1;x) and fo(x) = log(l +
c¢/s/1 —x) for a € (0,1/2]. Then it suffices to show the monotonicity of fi(x)/f2(x)
on (0, 1).

By differentiation and (1.1), (1.2), we obtain

a(l—a)F(a,1 —a;?2;x)
1—x

clc—+/1—x)

hx) = 2@ —1+00—x)

and f(x) =

which yields

fix)  2a(l — a)(c> —1+x)F(a,1—a;2;x) a 2a(l —a) f1(x)
f cle = T=x) )

Moreover, we can rewrite fl x)/ fz (x), in terms of power series, as

r 2 ( )n(l_ )n
Ay (€ =140 3020 S Y At

A - _ o0 K
f2(x) ¢ = Yoplo S 2 nzo Bux"

where

_ @ai(l— )

Ag=c?—1, A
0=c " nln + 1)

[c2n2 +Q—An+al —a)(>— 1)] =1
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and
1/2)p—
Bomc—1, by=2nol o,
2n!
By Lemma 2.1, we need to study the monotonicity of the sequence {C, = A,/B,},>, to
show the monotonicity of fl x)/ fz(x).
Elementary calculations lead to
Ci—Co=(c—D[a(l —a)c+a(l —a) —1] 3.1)
and
11 —a),—
Cop1 —Cn = M@Aa, o m=1. (3.2)

(1/2)n(n +2)!

Let pi(a, ¢) = o(c) — R(a) and p*(a, ¢) = o(c) — 1/[a(l —a)], where o(c) is defined as
in Lemma 2.6. As in proof of Lemma 2.6, it can be easily seen that p4(a, ¢) and p*(a, ¢) are
strictly increasing for ¢ € (0, 00). Clearly, py(a,07) =2 — R(a) <2—4log2 ~ —0.7725,
p*(a, 0" =2—-1/[a(l —a)] < —2fora € (0,1/2] and lim py(a,c) = lim p*(a,c) =

Cc—> 00 c—>00
00. So there exist unique two numbers c(a), c*(a) € (0, 0o) such that p,(a, cx(a)) = 0
and p*(a, c*(a)) = 0. Moreover, ps(a,c) < 0 for ¢ € (0, cy(a)) and py(a,c) > 0 for
¢ € (cy(a), 00); p*(a, c) < 0forc € (0, c*(a)) and p*(a, ¢) > 0 for ¢ € (c*(a), 00).

It was proved in [50, Lemma 2.1] thata +— 1/[a(1 —a)] — R(a) is strictly increasing from
(0,1/2] onto (1,4 —41log2]andso 1/[a(l —a)] > R(a). Combining this with Lemma 2.6,
we obtain p,(a, 1) = o(1) — R(a) < 0 and p«(a, c*(a)) = 1/[a(l —a)] — R(a) > 0, that
is to say,

1 < cy(a) < c*(a). (3.3)

Let 5(a) = (1 —a+a®)p*(a, c2(a)) = 1 —1/[a(l —a)] —2log[a(l —a)], where ¢ (a)
is given as in Lemma 2.5. Then it follows from
(1 —2a)(1 — 2a + 2a?)

5(1/2) =2log4 —3~ —0.2274 and 5'(a) = - . -0
a<(1—a)

that p*(a, c2(a)) < 0 and so by the property of p*(a, ¢) shows
c(a) < c*(a). 3.4

(1) Sufficiency. If ¢ > max{c*(a), eR@/2}, then we have ¢ > ¢>(a) by (3.4) and p*(a, ¢) >
0,logc > R(a)/2.
By (3.1) and (3.2), it follows from ¢ > c2(a) and Lemma 2.5 that C; > Cyp, C» > Cy
and C, 41 < C, for n > 3. In either case C3 > C, or C3 < C, there exists a number
nog = 2 or 3 such that C,, is increasing for 0 < n < ng and C,, is decreasing for n > ny.
Moreover, from (1.1) and (1.2) we clearly see that

Hfl,fz(x)
:2[0\/1 —x —(1 —x)] [%a(l—a)(cz—1+x)F(1+a,2—a;3;x)+F(a, 1 —a;2;x)]

c2sin(am)

— (P =14+x)F(a,1—a;2;x) > (3.5)

a(l —a)m

asx — 17.
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2

Case 1:

Case 2:

Lemma 2.1(2) together with (3.5) and the piecewise monotonicity of C, implies that
there exists §; € (0, 1) such that fl (x)/ fz (x) is strictly increasing on (0, 61) and strictly
decreasing on (81, 1), sois f{(x)/ f;(x). Dueto (2.2) and f>(x) > 0, Hy, ,(x) is strictly
increasing on (0, 81) and strictly decreasing on (81, 1).

Further, it can be obtained from (1.1) and (1.2) that

Hfl-f2(0+)

i [20 =@ = Ca — ) -Fa1-a
_xli%[ ——(+VI-0F@1 a,2,x)log(1+m> Fa,1 a,l,x)]
_2a(l—a)(Ito)log(l+¢) —c — a(l — a)p*(a, ¢) (3.6)

c

and

_ . 2sin(ra) c
Hy r,(17) lim Tlog 1+ —F(a,1—a;1;x)

x—>1- J1 —x
o sin(ma) c o
= xl—1>H11— - |:2 log <1 + m) +log(1 — x) R(a):|
_ 2sin(ra) |:10gc - @] . 3.7)
b4 2

Since p*(a,c) = 0 and logc > R(a)/2, we clearly see from (3.6) and (3.7) that
Hy 5 (0Y) >0and H f1,/»(17) = 0. According to this with the piecewise monotonicity
of Hy, s, (x), it can be easily seen that Hy, p,(x) > 0 for x € (0, 1). This together with
(2.1) and fz/(x) > 0 shows that fj(x)/ f2(x) is strictly increasing on (0, 1), so is F(x).
Necessity. Due to f2’ (x) > 0 and (2.1), the necessary condition for the monotonicity of
J1(x)/ f2(x) requires us to satisfy

Hyf ;,(07) >0 and Hp f,(17) > 0.

This in conjunction with (3.6) and (3.7) implies p*(a,c¢) > 0 and logc > R(a)/2.
By the property of p*(a, c), we obtain ¢ > ¢*(a) and ¢ > eR@/2 equivalently ¢ >
maxae(0,1/21{c*(a), eR@/2},

For 0 < ¢ < maxge(,1/21{cx(a), c1(a)}, thatis 0 < ¢ < cx(a) or 0 < ¢ < cy(a),
equivalently, 0 < ¢ < c4(a) or 1 < ¢ < cy(a) by (3.3) and Lemma 2.5. We divide the
proof into two cases.

0 < ¢ < c«(a). In this case, it follows from the property of p.(a, c¢) that p.(a,c) <0,
that is o(c¢) < R(a). It was proved in [3, Lemma 2.3] that the function

Ka (/%)
=
R(a) —log(1 — x)

is strictly decreasing on (0, 1) for a € (0, 1/2]. According to this with Lemma 2.6, we
conclude that

_ Ka (/) ~ R(a) —log(l —x)

" R(a) —log(1 — x) log(1 4+ ¢/+/T —x)

is strictly decreasing on (0, 1).

1 < ¢ < c1(a). From Lemma 2.5 and (3.2) we clearly see that C,4+; < C, forn > 1
and 1 < ¢ < c2(a). By (3.1), it is easy to verify that C; < Cp. In other words, the
sequence C, is decreasing for n € Ny. This in conjunction with Lemma 2.1(1) shows
that f{(x)/ f,(x) is strictly decreasing on (0, 1) and so is Hy, 1, (x) by (2.2). Moreover,

F(x)
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I < ¢ < ¢2(a) and (3.4) together with the property of p*(a, c¢) lead to the conclusion
that p*(a, ¢) < 0. Combining this with (3.6) and the monotonicity of Hy, f,(x) yields
Hy p,(x) < 0forx € (0,1). Dueto f5(x) > 0 and (2.1), we conclude that F(x) is
strictly decreasing on (0, 1).

Remark 3.1 We claim that maxae(o,l/z]{c* (a), c1(a)} < maxae(o,l/z]{c* (a), eR(a)/Z}.

From (3.3), (3.4) and Lemma 2.5 we clearly see that c4(a) < ¢*(a) and ¢1(a) < c2(a) <
c*(a) for a € (0, 1/2]. On the other hand, p,(e®@/2; ) = p(e®@/2) — R(a) > 0 follows
from

d
[Q(ex/z) — x] = —e?log(1 + %) < 0.

/2y _ ] = el
[Q(e ) x]_O and »

lim

X—>00
This gives cx(a) < e®@/2 From [50, Lemma 2.1] we obtain 1/[a(l — a)] — R(a) <
4 — 4log?2, which yields

c2(a) < R(a) +3 —4log2 < eR@/2 (3.8)

since x > ¢/ — x — 3 4 41og 2 is strictly increasing on [4 log 2, 00).

In Lemma 2.5, it only remains to discuss the sign of Q,(a, ¢) for c¢j(a) < ¢ < ca(a).
However, in this case, it can be easily seen that Q1 (a, ¢) > 0 in the proof of Lemma 2.5 and
so C; < C; by (3.2), while Cyp > Cy and C,, > C, 41 for n > 3 by Lemma 2.5 and (3.1).
This kind of sequence {C,}3° cannot be handled. So it is not easy to find the sufficient and
necessary condition such that F(x) is decreasing on (0, 1).

Remark 3.2 1t is worth pointing out that there is no strict comparison between c,(a) and
c1(a), and also between c*(a) and eR@/2 for g € (0, 1/2].

By the properties of p4(a, ¢) and p*(a, ¢), it follows from
4log?2

3 9

lim py(a,ci(a)) = —oo, lim_p(a,ci(a) =
a—0t a—>1/2

5
lim p*(a, ef@/?)y = —1, 1lim p*(a, eR9/?) = —4 + Z1og5 ~ 0.02359
+ a—1/2 2

a—0

R(a)/2 R(a)/2

that ¢1(a) < cy(a), e < ¢*(a) near a = 0 and c1(a) > c«(a), e > c*(a)
near a = 1/2. More precisely, numerical experiments show that there are two numbers
ay ~ 0.26372 and a* ~ 0.43722 such that

e ci(a) < cy(a) fora € (0, ay) and c1(a) > c4(a) fora € (ay, 1/2];

o eR@/2 < ¢*(g) fora e (0, a*) and ¥ D/2 > ¢*(a) fora € (a*, 1/2).

Following from Ramanujan’s asymptotic formula, we can take ¢ = e¢®(@/2_ The following
corollary can be derived from Theorem 1.3.
Corollary 3.1 The function

PN Ka(r)
log [1 + eR(“)/2/r’]

is strictly increasing from (0, 1) onto (n/[Z log(1 + eR@/2y), sin(an)) if and only if a* =~
0.43722 < a < 1/2, and neither increasing nor decreasing on (0, 1) ifa € (0, a*).
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Proof In Remark 3.2, it has been shown that e®@/2 > ¢*(q) if and only if a € [a*, 1/2].
If a € (0,a%), then e®@/2 < ¢*(q), that is p*(a, eR@/2y < (. This together with
(3.6) and (3.7) gives Hy, ,(0%) < 0 and Hy, 5, (17) = 0. From (3.8) we clearly see that
eR@IZ 5 ¢5(a). According to this with the proof of Theorem 1.2(1), we know that there
exists a number x, € (0, 1) such that Hy, p,(x) < 0 forx € (0, x4) and Hy, £, (x) > O for
X € (x4, 1). So the function is neither increasing nor decreasing on (0, 1). ]

Recall that the generalized Grotzsch ring function p, () (see [5, (1.3)]) can be defined in
the theory of generalized Ramanujan modular equation by
T Ka(rh
2sin(ma) Ku(r)

Ma(r) =

Due to the monotonicity of F(r")/F(r), the following corollary can be derived immediately
from Theorem 1.2.

Corollary 3.2 For eacha € (0, 1/2],
(1) if c = maxqeo,1/21{c* (@), eR(“)/z}, then the inequality

2
T log(1 +c/r log(l1 +c/r
- UL ) < log(1 + ¢ LT
4 sin“(ma) log(1 + ¢) log(1 +¢/r") log(1 4+ c¢/r")
holds forr € (0, 1);
(2) if 0 < ¢ < maxue(,1/21{cx(a), c1(a)}, then the inequality

log(1 + ¢y 08 F/D) n’ log(1 +¢/r)
BT Dog +¢/r) ~ M) = LinZ(wa) log(1 + ¢) log(1 + ¢/r)

holds forr € (0, 1).

Proofs of Theorems 1.3 Logarithmical differentiating G (x) gives

G'(x) & (I —a)& — (1 —x)K,]
Gx)  1—x x(1 = x)K,

= ®(Vx),

where @ is defined by Lemma 2.9.
It follow from Lemma 2.6 that 1;/&“)) is strictly decreasing if and only if A >

and strictly increasing if and only if A < 0. Consequently, F (x) is logarithmically concave

a(l—a)(a®—a+2)
2

on (0, 1) if and only if A > %2_’”2) and logarithmically convex on (0, 1) if and only
if A < 0. This completes the proof. O

Proofs of Theorems 1.4 By differentiation, we obtain

(1 =) [E(VD) = (1 =K (VD] Ka (/%)
x(1 = x)log(1 +¢/v/T—x) 2(1 = x)(c + VT=x) [log(1 + ¢/ T=n)]
2(1 — @) [Ea(Vx) — (1 = )Ka (V) [ log(l + ¢/+/T=x) — exKa(/x)/(c + VT =)
- 2x(1 — 0)[log(1 + ¢//T— )
VD = 1= 0K () 1 i
X VIT=x (¢ + vT=x) [log(l + ¢/v/T=x)]

F'(x) =

=(1- LW,

where ¢ (r) is defined as in Lemma 2.11.
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It is not difficult to verify that the function x — x(c + x)[log(1 + c/x)]2 is strictly
increasing and positive on (0, 1). Combining this with Lemmas 2.2(2) and 2.11, we con-
clude that F’(x) is the product of three positive and increasing functions on (0, 1) if
¢ > maxqe(,1/2] {¢* (@), eR @2}, u]

Note that I, (ﬁ/Z) fora € (0, 1/2] can be expressed as
sin(ra)L (:54)(%)
4.7 ’

which can be found in the literature [5, 4.4 Particular values].
Due to the log-concavity of G(x) and convexity of F(x), we obtain

Ka(v2/2) =

i | NE=A alEa
GG —x) =/G(1/2) = \/Sln(ﬂz)ﬁ(zjg) D mo@n, 69
F(x)+ F(l —x) sin(ra)T' (;54)T(%)
L > F(1)2) = = 1(a, ). 3.10
2 = Faz) 4/ log(1 + +/2¢) T G-10)

By substituting x = 2 in (3.9) and (3.10), Theorems 1.3 and 1.4 give rise to the following
corollaries.

Corollary 3.3 For » > [a(1 — a)(a® — a + 2)1/2, the inequality
Y Ka(Ka(r') < o (a, )
holds for r € (0, 1) with the best constant o (a, \) given in (3.9).

Corollary 3.4 For ¢ > max,e(0,1/2] {c* (a), eR(“)/z}, the inequality

Ko (r) Ko@) > 2t(a. o)
log(1+c/r’)  log(1+c/r) — ’

holds for r € (0, 1) with the best constant t(a, ¢) given in (3.10), where c*(a) is defined as
in Theorem 1.2.
Applying L’Hopital Monotone Rule, it follows easily from Theorem 1.4 that
F(x) — F(0) F(l) — F(x)
and

X 1—x

(3.11)

are increasing on (0, 1) for ¢ > max,e(,1/2] {c* (a), eR@/ 2}, which gives the following
corollary by putting x = rZ in (3.11).

Corollary 3.5 For ¢ > max,e(o,1/2) {c* (a), eR(“)/z}, both of the functions

1 Ka(r) T
r2 | log(1 +c/r’)  2log(1+c)
are strictly increasing on (0, 1). Consequently, the double inequality
wla(l —a)o(c) —1 K
i [a )e(©) ]2r2 < a(r) — <sin(ra)r? + ————r
2log(14+¢)  4(1+0) [log(l + c)] log(1 +c¢/7") 2log(l +¢)

] and r +— % [sin(na) — Ka() i|
r

log(1 +c¢/r")

2

holds forr € (0, 1), where o(c) is defined as in Lemma 2.6.
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